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Abstract

We give an overview of various results related to Hecke algebras of GL,,(Q,).
Our primary aim s to provide a short, and nearly self contained proof of
the structure of the Iwahori Hecke algebra. This contains a proof new to
the author of a well known result. Our secondary aim is to inspect “Con-
gruence Hecke algebras” studied in Chapter 3, Section 2 of [How85]. We

calculate their 1-dimensional representations, and improve on bounds of

[Ber74].
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Chapter 1

Introduction

The various Hecke algebras of GL,(Q),) are host to a wealth of beautiful mathemat-
ics. Their structure is intimately related to the data of admissible representations of
GL,(®Q,). This is a topic of considerable interest as related to the Langlands Program,
where they play a crucial role in the Local Langlands Correspondence.

In this paper, we aim to give an overview of these results, with a focus on those
that bound the dimensions of their irreducible modules. One of our main aims is
to give a short and nearly self contained proof of the structure of the Iwahori-Hecke
algebra of GL,(Q,).

In Chapter 1, we introduce the p-adic numbers and notions important to the
representation theory of GL,(Q,). In Chapter 2, we define our Hecke algebras and
utilise results of [BK98] and [BS17] to show that their simple modules contain the data
of admissible representations of GL,(Q,). Moreover, we briefly study the Spherical
Hecke algebras of GL,,(Q,).

In Chapter 3, we discuss affine reflection groups, in order to prove a crucial Propo-
sition of [IM65] regarding the Iwahori subgroup of GL,(Q,). In Chapter 4, we follow
[IM65] and utilise this Proposition to prove the Iwahori-Bruhat Decomposition of
GL,(Q,), allowing us to understand the Iwahori Hecke Algebra. This includes a
proof new to the author of an enjoyable Proposition (Proposition 4.6).

After this, we outline and specialize the methods of [Lus89] to bound the dimension
of irreducible modules of the Iwahori Hecke Algebra at n = 2. Finally, in Chapter
5, we move on to algebras studied by Howe and Moy in [How85], and calculate their
1-dimensional modules, as well as improve bounds of Bernshtein in [Ber74] on the
dimension of their irreducible modules. Our calculations give a criterion, in one case
improving the bound by roughly a factor of p* and highlighting an ideal acting by 0,

and in the other improving by a square root.



1.1 The p-adic Numbers

The p-adic numbers are a completion of () with respect to a non-standard metric.
We define it as follows.

Definition 1.1. Fix p € N prime. For x € Q, we may uniquely write x = p" -

Y

e

with a,b € 7Z, co-prime to p and each other, and n € 7Z.
Define |- |, : Q@ = R, via

—n

2|, =p
This is obviously a norm, which in fact obeys a condition stronger than the triangle

inequality, namely: |z + y|, < max(|z|,, |y|,).

We write the completion of Z (resp. Q) with this norm as Z, (resp. @Q,) , whose

elements we call p-adic integers (resp. p-adic numbers).

Remark 1.2. Much of what we will do is true in the more general setting of a Non-
Archimedean Local Field. These are finite extensions of either IF,((¢)) (the field of
Laurent series over a finite field) or of @, (see Theorem 6.15 of [All16]). We will

restrict ourselves to the p-adic numbers.
Proposition 1.3. @, is a field.
This is left as an exercise to the reader!.

Example 1.4. Every z € Z, may be written as

o0
z= E anp"”
n=0

where a, € {0,...,p — 1} for each n. Note, further that this expansion is unique.

Example 1.5. Every z € QQ, may be written

oo
z = Z anp"”

n=—k

for a,, as above and k£ € IN.

Notation 1.6. Owing to its frequent usage, we will write Z/p" for Z/p"Z.

IThe following example and Proposition 5.5 may be useful



Remark 1.7. Those with a categorical bent will be excited that the p-adics can in

fact be expressed as
Z, = lim(Z/p")
neN
Qp = Frac(Z,)
Because our field ), was defined by way of a metric, it has a natural topology.
Lemma 1.8. Z, is compact and open in Q.

Proof. Left to the reader. O]

We now define ring homomorphisms 7, : Z, — Z/p". By uniqueness of our

expansion, define?:
To(ao + ap+asp® +...) = ag + ap + ... + a,_1p" " (mod p")

Lemma 1.9. 7, : Z, = Z/p" is continuous, where we endow Z/p" with the discrete

topology

Proof. 1t is easy to check that our fibres are open balls. m

1.2 Representations of GL,

In this Section, we lay the groundwork to state a result (Theorem 2.1) motivating

our interest in our objects of study. All of our representations will be complex.

We could at this point, specialise to GL,,(Q,). We will refrain from doing so to retain
generality, and to highlight some of the most useful features of GL,,(Q,). For this we

define a new class of groups.
Definition 1.10. Let G be a group, and a topological space. We call G:
1. a topological group when multiplication and inversion are continuous maps.

2. a t.d. group when every neighbourhood of the identity has a compact open

subgroup.

The latter definition may be found in [Car79]. As it is our focus, we should
certainly hope GL,(Q,) fits into our definition. Our next example verifies this, and

contains the definition of an important map.

2¢f. Remark 1.7.



Example 1.11 (GL,(®,) is t.d.). The topology on GL,(Q,) is the obvious one
inherited from (QZQ. Moreover, multiplication is obviously continuous as it is polyno-
mial in the matrix entries, and inversion is continuous by Cramer’s rule. For the t.d.

property, we introduce the following subgroups:

Ko = GL,(Z,) = Qfl(GLn(]Fp))
Km = Q;zl (Idn)

Where we now define ¢, : Mat,,(Z,) — Mat,,(Z/p"™) coordinate-wise by m,,. Our first

equality is not obvious, though can be seen via the use of von-Neumann series.

Lemma 1.12. g, is continuous, and a group homomorphism

Proof. Taking M = (m;;) € Mat,(Z/p")

G, (M) = [ {A€Maty(Z,) : mn(ai;) = mi;}
iG=1,m
We note
{A € Mat,,(Z,) : mm(ai;) = mi;}

is a closed subset of Mat,,(Z,) by continuity of 7,,, as it is a coordinate-wise product
of closed sets. So then the sets in our intersection are closed. So clearly g} (M) is
closed. O

Continuity of this map shows K; is both open and closed in Mat,(Z,) for each
i € Np, which also gives compactness by Lemma 1.8. As Mat,,(Z,) is both open and
closed in Mat, (QQ,), we inherit the same result for GL,(Q,). From here, the ¢.d.

property is easily seen.

Definition 1.13. For a representation (7,V) of a t.d. group G, and H C G a

subgroup, we write
VI ={veV:n(h)-v=uvforal he H},
and we call V# the H fized point space of V.
Definition 1.14. A representation (7, V') of a t.d. group G is
(i) smooth if the stabilizer of any v € V' is open in G.

(ii) admissible when it is smooth, and V¥ is finite dimensional for any compact

subgroup K C G.



The notion of admissibility was introduced by Jacquet and Langlands in [JL69], in
which the Jacquet-Langlands correspondence was proven. We have one final definition
for this Chapter:

Definition 1.15. Write R(G) for the category of smooth, complex representations of
G. Fixing a compact, open subgroup K of G, denote by Rk (G) the full subcategory

of representations generated by their K fixed point space.

Remark 1.16. This second definition may seem slightly bizarre. Notably, all irre-

ducible representations of G with a non-zero K fixed point space are in Rg (G).

We have now built up the definitions on the representation theory side, and can

move on to define our algebras. We finish off the Chapter with a calculation.

Example 1.17. Take a smooth finite dimensional irreducible representation (m, V)
of Q. Of course, by Schur’s lemma, we have that V" is 1 dimensional, so that we may
write V' = Sp(v) and then further, the stabiliser of v must act trivially. Of course,

this is open around the identity, and so contains some subgroup K := 1+ p"Z,,.

Notably K = ker(m,|,x), giving Z; /K = (Z/p")*. V of course then descends to a
representation of Q) /K. We have

K<aZ;<4Q,
and so of course, an isomorphism theorem tells us that
(Q/K)/(Z) [ K) = O /2 = L,
so that we get a short exact sequence

0 —— Z /K —— Q) /K —— Q)/Z; —— 0

L

0 —— (Z/p") — Q) /K > 7 > 0

As 7 is projective® we have
Q, /K =7 x(Z/p")"

whose 1-dimensional representations are easily understood. Indeed, when p # 2, both

of these groups are cyclic (see Theorem 4 of [Dallg]).

3If the reader is not familiar with this notion, this sentence might be replaced with “any SES of
Abelian groups with Z in the third place splits”.



Chapter 2

Convolution Algebras

In this Chapter we study Convolution algebras and specialize to the Hecke algebra
H(G//K) of a pair (G, K), for G a t.d. group, and a compact open subgroup K.
We finish off by producing a bound on the dimensions of irreducible modules of
H(G//Ky). For the rest of the Chapter, G is a t.d. group.

As we have already laid out half of the theory, to motivate the coming Section,

we spoil the theorem teased in the last Chapter:

Theorem 2.1. Suppose K C GL,(Q,) is a Moy-Prasad subgroup. Then the functor
M : Rk (GL,(Q,)) — H(GL,(Q,)//K)-mod

Vs VE

defines an equivalence of categories.
Remark 2.2.

1. Further to this theorem, for any compact open subgroup K of GL,(Q,), should
V, W be admissible representations of G with VK = WK as H(G//K)-modules,
then V' = W (see Theorem 1 of [Buml0]). However, this does not define
necessarily an equivalence of categories. An example of this failure is given in
[BK98] (see the final remark of Section 2). We will use this to get around that

some subgroups we consider are not Moy-Prasad.

2. As we have not yet defined most of these terms, we will not explain the utility

of this theorem until slightly later.



2.1 Definition

We build our Hecke algebras from a “convolution” product on the functions on G.

We take inspiration from the usual convolution product on the real line:

Example 2.3. For f,g € Co((R,+))" this is

U*muraéf@mm—ymy

with the usual Lebesgue measure.

Of course, to implement this in our case, we require a measure on (. Note that in
fact, any ¢.d. group is locally compact (i.e every point has a compact neighbourhood).
The identity has an open compact neighbourhood and left multiplication by any
element x € GG is a homeomorphism. This maps e to x and preserves openness and

compactness.

Fact 2.4 (Existence of the Haar Measure). Let G be a locally compact topological
group. There exists a unique (up to multiplicative constant) countably additive,

non-zero measure g on G such that:
(i) u(S) = u(gS) for all Borel? sets S C G,
(i) u(K) < oo for all compact subsets K C G,
(iii) w(S) = inf{u(U) : U open, S C U} for S C G Borel,
(iv) p(U) = sup{u(K) : K compact, U C K} for U C G open.

A proof of this may be found in [Cohl3] as Theorem 9.2.2. Property (i) is the

most crucial, which we will refer to as translation invariance.
Example 2.5. The Haar Measure on (4Q,, +) has, up to a constant factor
p(p"Zy) = p7"

Example 2.6. The Haar Measure on (Q,, +) is given up to a constant factor by

wwzé—bww.

» |z,

!This is defined below
2A Borel set is a member of the o-algebra generated by open sets of G



For the most part, we will ignore the particulars of our measures, in favour of appeal-

ing to their properties.

Definition 2.7. We write Co(G) for the complex valued, continuous, locally con-

stant, compactly supported functions on G.
Which we give the following product:

Definition 2.8. For f, g € C(G) define

(f ) Q/f

It is clear that our product is bilinear, we need to check associativity.
Proposition 2.9. (- x-) : Cc(G) x Co(G) = Ce(G) is associative

Proof. We use Fubini’s theorem (which holds due to compactness) and translation
invariance. This calculation is preserved so the reader has seen its flavour, but we
will omit them in the future. Further, that the product lands in C¢(G) is left to the

reader.

(f *(g*n))( /f (g% h)(z ' a)d

z/Gf(x)/Gg(y)h(y‘ v~ a)dydz
:/f(a:)/g(x_lu)h(u_la)dudx
/ ' / F(@)g(e " u)dadu

= /G(f*g)(u)h(u_ a)dxdu
= ((f xg) xh)(a). O

Definition 2.10. We will write 7 (G) to denote the algebra (Ce(G), ).

2.2 Hecke Algebras

It is now time to define our central object of study, the Hecke algebra of a pair (G, K).

We proceed as follows:



Definition 2.11. Let G be a t.d. group, and K be an open, compact subgroup.
Define

H(G//K) :={f € Cc(G) : f(kigks) = f(g) for all ky,ky € K, and g € G}

which we call the Hecke algebra of the pair (G,K). In words, these are elements of
Cc(G) invariant under right and left translation by K. We call these the K bi-

invariant functions on G.

Now, for such (G, K), it is a quick direct calculation to show that this is in fact
an algebra. In order to aid in the proof of our theorem, we will take a slightly more

roundabout approach:

Proposition 2.12. Suppose the Haar measure is normalized so that Vol(K) = 1.
Define e = 1x. Then, for f € H(G), and x € G we have

(i) (ex * f)(x) = [i fly~'x)dy
(ii) (fxex)(@) = [i flzy)dy
(iii) ex * f xex € H(G//K).
(iv) ek acts as the identity on H(G//K)

Proof. These are immediate from the definitions, and from translation invariance.
For (iii) f x ek is right invariant by K, and ex = f is left invariant, so associativity

gives the result. (iv) is immediate from (i) and (ii), and our volume assumption. [J
From this, we immediately obtain the result:

Proposition 2.13. We have ex x H(G) xex = H(G//K)

Corollary 2.14. (H(G//K),*) is an algebra

We proceed with some more basic comments on the structure of these algebras,

which show them to be nicer than might be expected.
Lemma 2.15. For any g € G KgK is open and compact.

Proof. Let J := KN g 'Kg. Then for each i € K/J, choosing z; € K such that

x;J =1, we have

KgK = | ] kgK

keK

= U rigK

i€K/J



Now clearly, for y € G, z +— yx is a homeomorphism, so that each of these left
cosets are open and compact. So then also, the left cosets of J in K are open and
cover K. So compactness of K dictates that there must be finitely many left cosets.
Now then, KgK is a finite union of compact (resp. open) sets, and so compact (resp.

open). O

Lemma 2.16. Any element f € H(G//K) is supported on a finite collection of double
cosets of K.

Proof. This is a simple consequence of compact support. O

These results make it obvious that the characteristic functions of double cosets

will be incredibly important to our studies.

Notation 2.17. For g € GG, when K is clear, we write

fg = :H-KgK
Now from our previous results, we learn

Proposition 2.18 (Structure of the Hecke Algebra). For GG, K as above, the Hecke
algebra H(G//K) is spanned by the elements f, for g € G.

Proof. From our prior results, it only remains to show that f; is continuous, but as

KgK is open, this is obvious [

2.3 The Representation of Hecke Algebras

Now that we understand the basics of these algebras, we can finalise our definitions
so as to prove Theorem 2.1. Before we do this, as we have now defined our algebras,

we will take a moment to explain the importance of the Theorem:

Aside (on the importance of Theorem 2.1). Take some irreducible representation
(m,V) € R(GL,(Q,)). Suppose we have a filtration of the identity in GL,(Q,) by
Moy-Prasad groups (which are indeed open and compact), with nil intersection®. As
7 is smooth, the stabilizer of v € V' is open around the identity and so contains some
element of our filtration, K. Then, V¥ is non empty, and so as V is irreducible, it is
generated by its K-fixed vectors. Then we know by the Theorem that this corresponds
to a module of H(G//K) from which the data of V' can be recovered. So, all smooth
irreducible representations of GL,(Q,) are encoded in the representation theory of

our Hecke algebras.

3These exist, which indeed is the object of the Moy-Prasad filtration.

10



Of course to prove our theorem, we need to understand the H(G//K) structure

on VE:

Definition 2.19. Let (7, V') be a smooth representation of G, and K a compact open
subgroup of G. Then we write (abusing notation) 7 : H(G//K) — End(V¥),

r(f) = /G f(@)r(x)da

In fact, V' becomes a H(G)-module by the same method. At this point, alarm
bells may be ringing. How are we possibly performing integrals in a possibly infinite

dimensional vector space?

Rest assured, these are in fact each finite sums. This is verified by the following series

of calculations:

Lemma 2.20. f € H(G) is constant on left cosets of some compact open subgroup
Ky

Proof. Left to the reader®. O

Lemma 2.21. For (m,V) as above and v € V, we have that v € VE' for some

compact open subgroup Ky of G
Proof. This is the combination of smoothness, and that G is t.d.. O

Then, 7(f)(v) = Vol(Ko N K1) 3 i, f(ai)m(z;) for supp(f) = Uwzi(Ko N K1),
where we have finitely many terms by compactness. Knowing now that we are on

firm ground, we can proceed.
Proposition 2.22. The map 7 gives V& the structure of a H(G//K)-module.

Proof. The map 7 is clearly bilinear, so we only need to show that it respects mul-
tiplication in the Hecke algebra. This uses essentially the same tricks as our other

computations. O
Proposition 2.23. We have ex x V = V&

Proof. Tt is easy to check that ex «V C VE and further that ex fixes VE point wise.

This gives us inclusions both ways. [

4Hint: Choose a filtration by open compact subgroups of the identity as G is t.d.. Use local
compactness to construct an open cover of the support on which f is constant, then use compactness.

11



Definition 2.24. We call a subgroup K C GL,(Q,) a Moy-Prasad subgroup when
it is part of some Moy-Prasad Filtration of GL,(Q,), with parameter r > 0.

Remark 2.25. A Moy-Prasad Filtration is a filtration of a reductive p-adic group via
compact open subgroups, arising from certain data corresponding to the root system.
Indeed, we have to specify our theorem to the case of GL,(Q,) to avoid the definition
of a p-adic group. Interested readers will find a gentle introduction in [Fin20], where

in particular the Moy-Prasad Filtration is dealt with in Section 3.

Example 2.26. Each set K; for « > 1 from Chapter 1 is Moy-Prasad. K, however

is not.

Remark 2.27. For the theorem above to be true, the element ex must be what
Bushnell-Kutzko ([BK98]) call a Special Idempotent. Showing this is true for the
groups we are interested in is a frustrating task. The following Proposition of [BS17],

shows that all Moy-Prasad subgroups fulfil this criterion.

Proposition 2.28. Suppose K C GL,(Q,) is a Moy-Prasad subgroup, and (m,V)
is a representation with VX # 0 and V generated by VE. If V' is a non-trivial
subquotient of V, then V'K £ 0.

Proof. A proof can be found as Proposition 5.1 in the reference above. O]

Proof of Theorem 2.1. Throughout the proof we abbreviate G := GL,(Q,) and
H :=H(GL,(Q,)). To refresh, the definition of our functor M is:

MV)=VE =exg*xV
To proceed, we first define the inverse functor:
N :H(G//K)-mod — R (G)

W= Hxex Quamy W
Where we turn the image into a G-representation via left translation on H. Now
notably, from our earlier conversation, we know functions in H x ex are supported on
the left cosets of K. So then as g- (ex ®v) = L,k ®@v, the image is in fact in R (G).
Now, via Proposition 2.13
W = H(G//K) @ucyimo W
> ex x Hrex Quxy W=MNW)

So it remains to show that NM (V') = V. We have an obvious map

12



¢ H*ex OH(G//K) VE v
f@vem(fv

Which is surjective by definition of our category, and as m(Lyx)v = gv. Our only

obstruction now is injectivity. Crucially, we have
(i) Ker(¢) is a G-subrepresentation of H x ex @ VE

(ii) ¢ is injective on ex @ VE

So now
ex * Ker(¢) C Ker(¢) Neg x (H *ex @iy V)
=Ker(¢) N (exg @ VE) =0
But then, by Proposition 2.28, Ker(¢) = 0. Naturality is left as an exercise. O

Remark 2.29. Bushnell and Kutzko indeed show that M is equivalence of categories
if and only if R (G) is closed under subquotients.

Remark 2.30. Indeed, A. Borel demonstrates that our theorem is true for the Iwahori
subgroup in [Bor76], which we begin to study in the next Chapter. This result is

known as the Borel-Casselman equivalence.

2.4 A Lemma on Structure

In our studies, much of the structure of our algebras will be carried over from the
structure of specially chosen subgroups. To do this, we extract a useful lemma from

[How85]. In preparation, we give a technical definition.

Definition 2.31. We call a locally compact group G unimodular when the groups

left Haar measure is right invariant

We note that GL,(Q,) is indeed unimodular, so that the result to follow applies

in our case of interest. This is an easy but long exercise to check.

Proposition 2.32. Suppose G is a unimodular group, with H C G an open compact

subgroup, whose volume is normalized to 1. Suppose g1, go € G have

Vol(H g H)Vol(HgoH) = Vol(Hg,19.H)

13



Then using our notation from before, we have

for * foo = fo1g0
as elements of the Hecke algebra.

The proof is laid out very clearly in [How85] (as Proposition 2.2 in Chapter 3)

and so there is little use in replicating it here.

2.5 Example: Spherical Hecke Algebras

Having spent so much reasoning abstractly, we can perform our first calculation of a
Hecke algebra. We warn the reader that the groups considered in this Section are not
Moy-Prasad.

Example 2.33 (H(Q,//Z})). We can fairly easily calculate the disjoint union:

0y =Urz;

neZ

which tells us that f,» span. At this point, the enthusiastic reader is encouraged to
brute force the product structure (which is not very difficult). However normality

and our last Proposition tell us that
Joi % fpi = Jpiti
So clearly f, — X defines an isomorphism
HQ,//Z,) = CX, X7']
Which completes our calculation.

Recall briefly
Ky = GL,(Z,)

Our last example, stunningly, generalises to higher dimensions. This is a fact which

we opt not to prove here:

Fact 2.34. H(G//Ky) = C[Xy,..., X,, X ]

n

This is proved very clearly in the notes [DZ17]. We will be able to say something

interesting about simple modules.

14



Proposition 2.35. We have

GL.(Qy) = | KodK,

deD_

with the monoid D_ defined:
D_ ={d € GL,(Q,) : d = Diag(p™,...,p"),a0 > ... > a, € Z}

Proof. We will show later (as Proposition 4.1) that this is a consequence of the Iwahori
Decomposition of GL,,(Q,). O

The reader is advised to swallow anything they might be drinking before reading
this next proof, in case they spit it out in delight.

Proposition 2.36. H(G//Kj) is commutative
Proof. Consider the anti-involution ¢ : H(G//Ky) — H(G//Ky) defined via
(f)(X) = f(XT)

Obviously, this sends fx +— fyr. Of course for d € D_, «(f4) = fa. So as these

elements span, ¢ acts as the identity. But then

Jax fa = (fax far)
= 1(far) * t(fa)
= fa* fa O

From which we learn the following stunning fact.

Proposition 2.37. Suppose (7,V) is an irreducible, admissible representation of
GL,(Q,) admitting a K fixed vector. Then

Dim(V5°) =1

In future, we will have to work much harder to get similar results for other algebras.
We note, as K| is not a special idempotent, we used the result of [Bum10] as remarked

under Theorem 2.1.

15



Chapter 3

Affine Reflection Groups

Our primary method of understanding our Hecke algebras in the proceeding notes
will be to pull information about the group through to the Hecke algebra by way of
Proposition 2.32. In the next Chapter, we will begin to understand the structure of
the Iwahori Hecke algebra of GL,,(Q,). We will soon see, the double cosets associated
to this Hecke algebra are parametrised by an affine reflection group, with an extra
element adjoined. Because of this, to point towards the general method we need at

least a rudimentary understanding of affine reflection groups.

3.1 Definition

A reflection group is a finite subgroup of the Orthogonal group of some finite dimen-
sional vector space V', endowed with a positive definite inner product (-,-). Readers
interested in reflection groups are directed to [Hum90]. We recall for v € V, a reflec-
tion through v fixes the orthogonal hyperplane H,, while sending v to —v. We write
the reflection through v as s, € O(V).

Definition 3.1. A root system ® C V satisfies
(i) ®NSp(v) = {v, —v}
(i) s,@ = for all « € @

Example 3.2. Consider S,, acting on R" = R{¢; : i € {1,...,n}} by permuting the
axes. We know S, is generated by transpositions (i ), and indeed by the set (i i+ 1)
with i € {1,...,n — 1}. Then the set

¢={e—¢:4,5€{l,....,n}, i #j}
is a root system, and the group generated by s, for a € ® is S,,.

16



Definition 3.3. For a root system ® C V', a simple system A C ® has:
(i) Ais a basis of V
(i) - NAUNA =9
Example (Example 3.2 cont.). In the example above,
A={e,:=¢—¢€41:1€{1,....,n—1}}
is a simple system

From here on, we fix a root system ®. We define new maps t,, for a« € ® with

2

Now we are ready to define the affine reflection group associated to a root system.

Definition 3.4. The affine reflection group associated to ® is the subset of Aff(V)
generated by s, and t, for all & € ®. Write the affine reflection group associated to
the fixed ® to be W.

Notation 3.5. From here on, the affine reflection group associated to ® in Example

3.2 will be denoted S,,.

Now, from the theory of Reflection Groups (see [Hum90] Chapter 4 Section 3),
there exists a unique element § € INA such that for all « € N, § — « is a sum of

simple roots. We define §5 := t3-sg. We quote an important theorem from [Hum90]:

Theorem 3.6. W is generated by s, for a € A, and 58

Proof. See [Hum90]|, Proposition 4.3 of Chapter 4. ]
From now on, we call this generating set S.

Example (Example 3.2 cont.). In our case, we write s; := s, and s, = 53, which
satisfy for n > 2
s;sj = 88, for i — j| > 1
SiSi+18i = Si+15iSi+1
2

with indices modulo n. When n = 2 we omit the first two relations.
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Remark 3.7. As stated in the introduction, our aim is to give a minimal proof for
the structure of the Iwahori Hecke algebra. In light of this, we have left out two key
parts - the Weyl Group, and the Extended Affine Weyl Group. [IM65] generalises
these results to Chevalley Groups over a p-adic field, by considering these. Most of
the theory that follows is the same. For those familiar with the Weyl Group, it should

not be difficult to generalise what we have done.

3.2 The Length Function

Proposition 2.32 is deeply concerned with the volume of double cosets; moreover, we
will soon very soon become interested in the Iwahori subgroup I (which we will define
shortly). As teased, it turns out in GL,(@Q,) we can parametrize the double cosets of
I by the group S,,, with an added element. This can all be done in more generality, as

is done in [IM65]. To understand the volume of these cosets, we need the following.

Definition 3.8. We define a length function [ : W — Ny so I(w) is minimal such

that w can be written as a product of I(w) elements of S.

Definition 3.9. Define
Ay={AeV:0< (o) <1lforall o€ A}
Definition 3.10. For w € W, write
L(w) = {H, : Hy seperates Ay and wAy}
Now, we state a result from [Hum90]
Proposition 3.11. For s € S and w € W, I(sw) > [(w) when H, & L(W)
Now specialising to the case of S,.

Proposition 3.12. For s € S and w € W, I(sw) > I(w) when (wAg, ¢;) > 0

3.3 A Crucial Proposition

In this Section, we prove a result of Iwahori that while technical, is the backbone of

the rest of our study. From now on, we write W := S,. We embed the affine reflection
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group W into GL,(Q,) in the following way.

Id, , - 0
0 1 .
Si 10 for i € {0,...,n — 1}
0 - Id,
0 p!
S| Id,_» :
D 0

For later, we introduce an extra element ¢ € GL,,(Q,)

/(0 Idn_1>
= (01

Now, tsit' = s;41 where 7 is taken modulo n. So then, as our relations for the
Weyl Group obviously hold in the first n — 1 generators, we can transport them
to the “affine” generator using ¢. So this map genuinely defines an injective group
homomorphism. From now on, we tacitly conflate W with its image in GL,(Q,). It
is worth noting that

t(zy,...,x,) — Diag(p™,...,p")

Now, we finally introduce the object we will soon focus on:

Definition 3.13. Let U € GL,(IF,) be the subgroup of upper triangular matrices.
Then define the Jwahori Subgroup of GL,(Q,)

I:=¢q'(U)
Which we might make explicit via
Zy Ly, - Ly Ly
pLy, Ly - Ly, Ly
pLy ply - Z; Ly
pZy pLy, -+ ply T

Which is open and compact.

We require one calculation before we move on to our crucial Proposition, which we
take from [IM65]. This proof is not omitted due first to its importance, and second
as work has been done in divorcing the Proposition from the results of the beginning

of their paper.
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Definition 3.14. For ¢ # j and r € Z,, we write
xi,j(r) = Idn + rEi,j
Lemma 3.15 (Corollary 2.7 of [IM65]).

(i) For eachicl,..,n—1

p—1
ISZ'I == U .[81'%1'_._172‘(7’)
r=0
(ii) For s, we have
p—1
Is, I = U I8t X1 (r)t™!
r=0

Proof. This is a simple calculation for ¢ # n which can be done considering only 2 x 2

matrix blocks. When ¢ = n, we simply transport by ¢, as it normalizes I. O

Proposition 3.16 (Proposition 2.8 of [IM65]). Let s = s; for some i € {1,...,n}
and w € W. Then

(i) If I(sw) > l(w), we have IsIwl = [swl,
(i) If i(sw) < l(w), we have IsIwl C IsI U Iswl
Proof. We will prove these for i < n, and the case where ¢ = n is similar. We begin

with (i). Well, first write w = t(\)o, where o € S,,. Then

p—1
IsIwl = U IsX; 1 (r)wl
r=0
p—1
— U Isw (w_lfmﬂ(r)w) I
r=0

So we seek to show w™'X; ;1 (r)w € I. But

w_lfi,iﬂ(?“)w = %o(i),a(i—&-l)(r * p(/\’ei))

Where our inner product is an immediate consequence of the embedding of trans-
lations into GL,,(Q,). So now, motivated geometrically by Proposition 3.12, we have

two possibilities, being that H, is not separated by Ay and wAy:
(i) o(i) <o(i+1) (i.e o(e;) € NA) and (N, e;) >0
(ii) o(i) > o(i+1) (i.e o(e;) € =INA) and (A, e;) > 1
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But in the both cases, our result lands in /.

We proceed to (ii). Suppose that w = so. Then

p—1
IsIwl = U IsX;;1(r)sol

r=0
So we investigate sX;;11(r)s. When r = 0 this is JoI. When r # 0, we see
(1 1>>< (O 1)>< (1 t_1> B (1 0)
0 ¢ 10 0o —tt) — \¢ 1

m I Mm m
I S I Is]

So that, as we may consider this only in the 2 x 2 blocks, we see that sX;;11(r)s € Is]

for r # 0. So then for r # 0

IsX;;1(r)sol C Islol = Twl

So as Islwl is clearly a union of the double cosets that we claimed, we are done.
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Chapter 4

The Iwahori Hecke Algebra

Now we turn our focus to the Iwahori Hecke algebra, which is the Hecke algebra
H(GL,(Qp)//I) of the Iwahori subgroup I. In this Section, we prove an important
theorem on its structure - it is in fact, an Affine Hecke algebra. This is proven in
[IM65], whose example we follow initially. This allows us to appeal to the rich study
of Affine Hecke algebras, about which a great deal is known. From now on, we leave
the setting of t.d. groups, and finally settle that G := GL,(Q,).

Remark 4.1. As we know from our earlier work, modules of the Iwahori Hecke alge-
bra correspond to representations of GL,(Q,) with vectors fixed by I. In fact, every
irreducible admissible representations of GL,(Q,) admitting an Iwahori fixed vector
is equivalent to a subquotient of the spherical principal series (see the introduction
of [Kim99]). These are a special class of representations induced from the upper

triangular matrices in GL,,(Q,).

4.1 Iwahori-Bruhat Decomposition

We go on to prove a fascinating theorem of Iwahori and Matsumoto. To do this, we
first define
We = (W,t)

We are now able to state Theorem 2.16 of [IM65]:

Theorem 4.2 (Iwahori-Bruhat Decomposition). We have a decomposition

where our union s disjoint
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Remark 4.3. The name of this might be illuminated by the Bruhat decomposition
of, for instance, GL,,(F,):
GL,(F,) = BS,B

Where B is the subgroup of upper triangular matrices. The above can obviously be
seen as an extension of this. This is essentially row and column reduction with some

extra reordering.

Our strategy will be to show that [W*[l is a subgroup, containing a generating

set. The proofs of this Sections take their essence from [IM65].
Lemma 4.4 (Lemma 2.14 of [IM65]). IW*I is a subgroup

Proof. 1t is first crucial to note that ¢ normalises I. So, taking elements o =

tMs. Sey ... 8c,, 7 € W? and assuming our first expression is minimal, we see

Iol x ITI = Ioltl = tMIs. I ... Is. ITI

So that we only need to verify I's;I71 € IW*[ for each ¢, and 7 € W*. But Proposition
3.16 above verifies this. O

Lemma 4.5 (Proposition 2.13 of [IM65]). For o, 7 € W®, Iol and ITI are disjoint.

Proof. Suppose ITI = Iol, with [(1) < I(0). We induct on (7).
If I(7) = 0 then T = t" and Iol = IT, as ¢t normalizes I. So then o7~!' € TN W Tt
is not hard to see that I N W% = {Id}. So we learn 7 = 0.

Suppose the claim is true for I(7) < n. Well, we have some s; such that I(s;7) < I(7),

and so by Proposition 3.16
Is;tlI C Is;lol C Iol U Is;ol

So then [Is;71 is either Iol or Is;ocl. But then by induction, either s,7 = o, or

s;T = s;0. But if s;7 = o, then I(0) < I(7). So then clearly 7 = 0. O

Proof of Theorem 4.2. It is easy to see that G is generated by the set {X;;(r)},
the diagonal matrices D and the permutation matrices - this is of course because

elementary column operations can reduce any invertible matrix to the identity.

We know (123 ... n) € W C G (again conflating W and its image) and can check:

diag(1,1,...,1,p)=(123 ... n)t e W*°
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But then clearly, all diagonal matrices are generated by conjugation of the matrix
above by W and I. So IW*I contains the diagonal matrices.

Finally, we observe that I, D and W generate the set {X;;(r)}. Obviously, if i < j
then X;,(1) € I. So then, we may conjugate by a transposition of T to obtain
X;i(1). Moreover, X;,(r) is a conjugation of X, ;(1) by a diagonal matrix, so our

claim is true. O

So we learn that H; is spanned by {f, : w € W?}. Our next problem will be
resolving their multiplication. These cosets have yet more marvellous connections to
the group . Before we move on, we will quickly prove an outstanding Proposition
of Chapter 2:

Proof. [Proof of 2.35] Take w € W, which we may write w = t(Ay,...,\,)o, with o a
permutation matrix. Notably, there is a permutation matrix 7 so that Ad t(\) € D_.
So then

ITwl = It(\)ol
= (ITHYAdt(\) (o)
C KoAd (M) Ky

So that clearly GL,(Q,) = IW*I C KyD_K,. But of course this proves our Propo-

sition. OJ

4.2 The Volume Property

This Section is dedicated to proving a lovely, and crucial result, in a new way to the
author. This result allows us to pull the structure of the group W through to the

Hecke algebra. The result is as follows.

Proposition 4.6. For w € W, normalising the Haar Measure so that Vol(I) = 1,
Vol(Iwl) = p'™®

Remark 4.7. The Iwahori Decomposition tells us that the Iwahori Subgroup “knows
about” W® - which is not too surprising. This tells us that somehow, the Iwahori
Subgroup knows our length function precisely, and so our choice of positive system.
Of course, the Iwahori Subgroup “learned about” our choice of positive system when

we decided what “Upper Triangular” meant.

24



Remark 4.8. The above Propositions extends trivially to W* by the fact that ¢
normalizes I. Discussion of “Extended Weyl Groups” would yield a beautiful gener-

alisation of this fact, but this would not be minimal. This can be found in (1.5) of

[Lus89].
To proceed, we first note the following equalities:
Vol(Iwl) = Card({Iwy : y € I}) = [I : I Nwlw™]
Proposition 4.9. For o € W we have Vol(Io1) < p'©).

Proof. For each i € {0,...,n} we have Vol(Is;I) = p. Moreover, if o, 7 € W, writing

Vol(IoT
Iol = Uz-:01( D gi01, we see

Vol(Io)
Iorl C IolT] = U a, 071

=1

So that by translation invariance we obtain the following inequality
Vol(Io7I) < Vol({oI)Vol(ITI)
and combining these two facts, we learn Vol(IoI) < p'(?). O

We gained one half of our result with relative ease. To get the reverse inequality,
we have to get slightly more technical. We include the full details of this next proof,
as it is by the author.

Lemma 4.10. For w € W we have
Vol(Iwl) = pV
for some N € N
Proof. For this, we reintroduce ¢, : GL,(Z,) — GL,(Z/p"), and define
Am = @I Nwlw™) and B,, := ¢, (An)
Claim 1: [I : By] = [gm(]) : An].

Proof of 1: Expressing I = J;_, z;(B,,), a disjoint union, we can write

qm(I) = U Qm(mz) Gm(Bm)



where our second equality is by surjectivity of g,,. Now if ¢(z;)A,, = q(z;)A., then
q(:z:ixj_l) € A,,. So then .ria:j_l € B,,, but this is absurd. -1

Claim 2: [gm(I) : Ay is a power of p.

Proof of 2: The diagonal matrices are normalized by 1, and so diagonals in GL,,(Z/p™)
are contained in each A,,. Further, by considering the determinant, the image of [
consists of matrices with units down their diagonal, and with no conditions else-
where. Therefore the index of the diagonal matrices in GL, (7 /p™) must be a power
of p. -2

Claim 3: (,ex Bm = I Nwlw™
Proof of 3: For b € (,,cx Bm, and each m € N there is b,, € I Nwlw™" such that
b — b € kerg,,. So as diam(kerg,,) < n\/p~™, clearly b is a limit point of I Nwlw™.
As I Nwlw™! is closed, b € I Nwlw™*. -3
Now clearly,

[[:INnwlw™ '] =[I:B,][Bn:INwlw]

so we see [B,, : I Nwlw™] must stabilize to 1 for large m, giving our result. O]
Now, we only need one final lemma
Lemma 4.11. Take s;,0 € W and suppose that I(s;0) > (). Then
Vol(Isjol) > Vol(Iol)

Proof. Let s := s; and suppose for contradiction that Vol(Isol) <Vol(lcI). More-
over, suppose that Vol(Iol) = p". We may then write

P PN
]sI:ijs], IO‘I:ijO']
j=1 j=1

By Proposition 3.16, Islol = Isol, and we may write

Isol = U x;syjol
1,J
Suppose first that Vol(IsoI) <Vol(IoI). The volume of Isol may be at most pV~!.

So then, by the pigeon-hole principle, we must have some i € {1,...,p} and
j# 5 €{l,..,p"} such that

x;sy;ol = xisyyol

But this is absurd. So we may assume Vol(I/sol) =Vol(Iol).

To avoid the scenario we just encountered, we must have that each left I coset of Isol
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contains each z; exactly once. So then, for each m € {1,....,p™} and i € {1,...,p},
we have m; € {1,...,p"} such that

SYm, 01 = 2;8Ymol
taking xy = Id. Now then, taking a union over m
sr;slol C Iol
And further, taking a union over all 7,
slslol = S(ijslal) C lol
But now, we once again appeal to Proposition 3.16:
Iol D Islslol = Islsol = Isol Ulol
but the Iwahori-Bruhat decomposition contradicts this. O
Proof of Proposition 4.6. Our last two lemmas show that
Vol(Iol) > p'@

As our penultimate lemma tells us increases in length only occur by factors of p, and

our final lemma tells us the volume does in fact increase as the length increases. [

4.3 Structure of the I-H Algebra

Having proven our rather remarkable result on volumes, it is now fairly simple to

compute the structure of our Hecke algebra.

Theorem 4.12 (Structure of the Iwahori Hecke algebra). The algebra H(G//I) is

generated by fi, fi, and fs,, fori=1,...,n, with relations
(i) fo, % fs; = fs, % [o, for|i—j| > 1

(it) foi* [sipr * [si = Foiin * Jsi * foipa

(i) fix foi* fir = fsia

(iv) fi=p—1fs+ph

where f1 acts as the identity.
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Remark 4.13. We note as in the continuation of Example 3.2, we omit relations (i)
and (ii) at n = 2.

Proof. First, Proposition 2.32 tells us that, with reference to Proposition 4.6, any
element w = s., *...* s, tM € W\ {Id} with [(w) = m has

M
fw:fsq*...*fsm*ft

so that these indeed generate the algebra.

We now justify the relations. Our first two relations come from the same Propositions,
as these products respect the length function of the group (where again we refer to
the continuation of Example 3.2). We then only need to verify our final relation.

Dropping the subscript on s; for convenience,

for @) = [ L)l )
=Vol(y :y € IsI and y 'z € IsI)

Now with such z,y it is clear to see
xe€ylsl C Islsl =1TUIsl

so that fs % fs is supported on I U IsI. We thus only need to find the value it takes

at 1 and s. First we easily obtain

o 1) = [ R0y = Vol(7s1) =
Proceeding with more difficulty
For 15) = [ 1))
=Vol({y € G :y € IsI and sy ' € IsI}

crucially, for such y, we have y € IsI = sy~! € IsIsl. So, noticing that this only
depends on the right coset of I, writing

IsI = a;sl

we only need to check when sz;s € I. By definition of our z;, which span I /(I Nsls),
this is only the case for the one element representing the identity coset. So we have
fs* fs(s) =p—1, and we are done. O
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4.4 Example: The I-H Algebra at n =2

Though it is not obvious without knowing their definition, we have just shown that
the Iwahori Hecke algebra is an Affine Hecke algebra. The theory of these algebras is
incredibly rich, and their representation theory is well understood. As an extended
“example”, we demonstrate the existence of a large commutative subalgebra of the
Iwahori Hecke algebra, allowing us to bound the dimension of its irreducible modules.
We restrict ourselves to n = 2, and follow the path found in [Lus89]. There, what
proceeds is done in more (painful) generality for Affine Hecke algebras. Our proofs
are different, owing to their specificity.

We will not define precisely what an Affine Hecke algebra is as to do so would require
a deeper discussion of root systems, which would take us too far afield. This may be
found in [Lus89.

Remark 4.14. Doing this for larger n is not theoretically demanding, but we would

soon find ourselves with pages of identities relating to the length function.

Notation 4.15. As suggested, from now on G := GL2(Q,). We set a precedent

for the remainder of our discussion. We denote elements of the group G in round

a b
(C d)eG

In contrast - we denote the characteristic function supported on these double cosets

parentheses, so that

with square parentheses

(@)= f<a ) e H(G//1)

c d

So that the bulk of our calculation is not performed in subscripts. We believe this

notation should be sufficiently distinct so that confusion should not arise.

For now, we work in the Extended Weyl Group W, renaming the elements for

(0 1Y '__Opl)' _(Ol)
3.—31—(1 0), 7".—52—(p 0 ;U= p 0

Where we have renamed s;, so. For notational consistency with [Lus89] we will write

pe(f D)o

convenience:
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for x = (Z), associating diagonal matrices with the translations in W. Now, we

define

Ldom =0 € 7% : (v, — €3) > 0}
The subspace of the lattice Z? that has non-negative inner product with all of our
positive roots (of course, at n = 2 we only have one). It is not difficult to see that
we may write any element in Z? as a difference of two such elements. We have the

following fact (which is where our length functions would start to get messy):

Proposition 4.16. For z,y € Z3 . we have [T,][T,] = [Th+,]

Dom

Proof. A calculation shows that for (Z) €3

T <Z> = t®(st)*"

(st)" = {t”(sr)g for n even

And again,

tr(sr)"z for n odd
The expression we obtain is clearly reduced (as sr, rs have infinite order). It is an

easy to check that multiplication of these elements respects the length function (i.e
that the lengths add), so that by Proposition 2.32 we get our result. O

So then, it becomes relatively clear why we are interested in this strange subset.

Definition 4.17. For x € 72, write x = x; — x5 for xy, 19 € Z3 . Write

Ta: = [Twl][Twz]_l
Remark 4.18. It is crucial to note here that the elements of the Affine Hecke algebra
are in fact invertible, allowing us to carry out this procedure. We will construct

inverses of the generators explicitly soon.

Remark 4.19. These elements are a crucial part of the Bernstein-Lusztig presen-
tation of an Affine Hecke algebra, which describes not only the large commutative
sub-algebra demonstrated here, but indeed its centre. These results are found in
Section 3 of [Lus89].

We continue with a vital Proposition
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Proposition 4.20. For z,y € Z? with z = 21 — 5 as before:
(i) T, does not depend on choice of 1, 75.
(ii) T, T, = Tryy
Proof.
(i) This is immediate from our previous Proposition.
(ii) Let y = y1 — yo, with y1,y2 € Z3,,,. Then

TxTy = [Txl][Tw]_l[TylHTw]_l
= [T [T [Ty ) [T T T[] ™
= Tﬂﬁl [Tyl][Tzz]il[Tyl]il[Tyl][Tyz]il

- [T$1+y1] [TI2+y2] -

Tty

Where the second equality follows as we know [1},] and [T},,] commute.

Y1
We are ready to define our large subalgebra:

Definition 4.21. We let
O =C[T,: z €77

Clearly from our previous Proposition, this is a commutative subalgebra. Our
procedure here has been pretty much complete in terms of generality - only our

proofs are easier.

Example 4.22. We have the following identities

T<1> — (5]t} T<1> - T<0> — (1t~ (r— )
0 1 1

The only non-trivial statement is the third. We note that this is indeed the inverse
of t7tr, as [r] ™t = S([r] + (p — 1))

Proposition 4.23. H(G//I) is finitely generated as a left O-module.
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Proof. We claim that as a left module H(G//I) = O @ Ot. We need to show that

this contains each element of our basis. This is a routine calculation, where we use
([r][t] = (p — D[])* = (rs)'t* + terms in 7, s of order less than 2i

and various other similar formulas, to inductively construct our basis. Verification is

left as an exercise to the careful reader. O
A convenient use of the Tensor-Hom adjunction gives us a welcome bound:

Proposition 4.24. Suppose (m, V') is an irreducible, admissible representation of G

admitting an [ fixed vector. Then
Dim(V’) <2

Proof. For now, we abbreviate H := H(G//I). From the remark under Theorem
2.1, using the statement of [Bum10], we know that V7 is a simple H-module (we
could have also cited the Borel-Casselman equivalence - see Remark 2.30). Well, the
restriction of V! to an O-module must contain some simple @-module W, which will

notably be 1 dimensional. So then we get via the Tensor-Hom Adjunction
0 # Home (W, V') = Home (W, Homy (H, V1)) = Homy (H @0 W, V)

So there is a map H ®o W — V!, but as our image is irreducible, it must surely be

a surjection. So

Dim(V!) < Dim(H ®p W) = 2

From our last Proposition. ]
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Chapter 5

Congruence Hecke Algebras

Having explored the Iwahori Hecke algebra, in this Chapter we “enlarge” our algebras
using a filtration of the Iwahori subgroup. As discussed in Chapter 2, the Hecke
algebras of a filtration of the identity by open compact subgroups will necessarily
contain the complete data of representations of GL,,(Q,). As such, we have less hope
of understanding them as completely as the Iwahori Hecke algebra. In this Section,

we present two calculations performed by the author.

5.1 Howe’s Presentation at n =2

To begin, we define the filtration of I. We start by assigning

4, 7
T =7 1) = ( P P>
a4, ( ) pr Zp
where U is the ring of upper triangular matrices in GLy(F,). Then, define for I > 1

L+ p™Z,  p"Zyp >

I, = 1dy +p"L = ( pm-i-lzp 1 +pmzp

which has
I>DLDLDI3D...
()% = {14}
ieN
Note further that I, is normal in /. We will elucidate the structure of I/1,, as it

becomes relevant later.

Remark 5.1. For [ > 1 [,,, is indeed Moy-Prasad, allowing us to use our Theorem.
This is in fact Example 2 of Section 3.1 in [Fin20].
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Remark 5.2. In [How85] Howe and Moy gave a presentation of the algebras H(G//I,,,),
which we specialize to n = 2. These algebras were utilised in their proof that a map
between certain Hecke algebras of GL,, over different finite extensions of @), is an
isomorphism. Of course, in light of Theorem 2.1, these algebras are of independent
interest. The details of this are found in Chapter 3 of [How85].

We recycle our notation from the previous Chapter. Here [z] = f1, .1,

Theorem 5.3 (Structure of the Congruence algebras). H(GL2(Qy)/ /1) is generated
as an algebra by

(i) [s], Ir]
(it) [t], [t7']
(111) [z] for x € 1,

subject to relations:

O il (|

ap™ 0
B: (i) Fora,d € 7} and b,c € 7,
oG o) e=[Gs o)
(i) [t]st™"] =r
(iii) [tlr[t™] = s
c: (i) ((1) 2)} is the Identity of H(G//1L).

(ii) [x] * [y] = [xy| forz,y €I
(i4) For a,d € 7} and b,c € 7,

@ 1[G )] =16 ]
o 01| 0)] =[G 2le

(iv) For x € 7

3 De=rl “)wlG )]G )]
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Remark 5.4. This theorem is certainly not obvious, and not easy to digest at first
sight. Roughly, to the Iwahori Hecke algebra we have “added” the group /I, (re-
alised as the elements f;), and made the squaring of our involutive generators, along

with their interaction with I more arcane.

Proof of Theorem 5.3. As we expounded the structure of the Iwahori Hecke algebra
in such exhaustive detail, little more is gained by proving this, so it is left to Howe.
Howe paves the same path of calculating volumes and supports, as we did prior. This
is found in Chapter 3, Section 2. O]

5.2 Results

Finally we can move onto the study of these algebras. We begin with some facts that

will serve us well throughout our study:

Proposition 5.5. We have the following:
(i) Z; ={x € Zy : m(x) # 0}

7 7
.. - D D
(i) I = (pr Z;)
(iii) I, is normal in I for each m € N.
Proof.

(i) Because F), is a field and m; is surjective, we can specialise to the case where
m(z) = 1. Take m(x) = 1. Then we may write z = 1 + pz’, and von-Neumann

series will give:

LS (1)

1+pz =
So that x is clearly invertible.
(ii) Consider (1), and that our determinant must be a unit.
(iii) We seek to show for a,d € Z) and b,c € Z,
a b a b
(pc d) b = L (pc d)

Ly Ly
Ly Ly

(a b)(Zp Zp>_<Zp Zp)<a b)
pc d) \pZ, 7Z,) \pZ, 7Z,) \pc d

Which follows immediately, knowing that a, d are units.

But writing I, =1+ p™ ( ) we only need show that
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5.2.1 1-Dimensional Representations

For notational convenience, we fix m € N and denote H := H(G//I,,).
First, we construct all 1-dimensional representations when p # 2. We note that
relation C(ii) above tells us that for x € I

T = [x] - fImzlm
defines a group homomorphism to it’s image. Obviously this descends to a map
IL\I/L,=1/I, —H

Where we have used that [, is normal in /. This is now a group isomorphism onto
its image, so that we have
C(I/1,) CH

So certainly a 1-dimensional representation of H restricts to a 1-dimensional repre-

sentation of I/1,,,.

Proposition 5.6. /1, is isomorphic to the set

M = {(CCL Z) € Mat(Z/p™) : a,b # 0(mod p)}

with multiplication
(a b) § <a’ b’) B <aa’ + pbd  ab' + bd’)
c d d d)  \cd+dd pcb +dd
Where we have used * to denote the twisted multiplication.
a b _(a b —a» Zp>>
(pc d) I = <pc d) <1 P (pr Z,

(Dol B
“\pc a) TV \pz, 7,

(2 D) (¢ fmog ) 8 (mod )

Proof. We see

So that the map

is a group isomorphism. The p in the lower left causes our bizarre multiplication. [
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Remark 5.7. We will not use this at all past our next Proposition, where we use

this embedding to easily verify the cardinalities calculated in the proof.

Remark 5.8. Our next Proposition has the restriction that p # 2 - this restriction
comes from our calculation of the commutator subgroup. Notably, at p =2, m =1,

I/1,, is Abelian, and so the calculation we provide below is certainly wrong.
Notation 5.9. We write F' := I/[,,, with multiplication as dictated above.

Proposition 5.10. For p # 2, 1-dimensional representations of F' are in correspon-

dence with group homomorphisms D — C* trivial on elements

<1+py 0

0 (1 +py)1) for y € Z/p"

where we write D C F' for the subgroup of diagonal matrices.

Proof. Recall that 1 dimensional representations of F' are in correspondence with

representations of F'/[F, F]. We seek to determine this quotient. We note

OO0 ¢ 0-().
(9.0 )

we have that K < [F, F]. Moreover, we have the following crucial equation:

<7); 5) - (())\ v —pg\—l/m) * (_(y —p)\l—lmr)—lﬂ ?) * (é )\TM) (5.1)

Immediately, this shows the diagonal matrices span the cosets of [F, F]. So we have

a surjective group homomorphism:

D —“5 F/K
showing our image is Abelian, and so [F, F| = K.
We now need to understand Ker(p). First note that

1+ py 0 )
( 0 (+pyt) R

which we find by utilising Equation 5.1 on ((1) 3{) (1 2) This gives us a lower

bound on the size of Ker(yp).
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Now, observe the following two easily verified facts:

(i) The cosets of K have constant determinant,

(ii) The cosets of K have constant residue modulo p in their (1,1) entry.

So as the diagonal matrices contain elements attaining each of the (p™ — p™~1)(p — 1)

values, we have at least as many elements of F//K. So then,

m—1 |D’ (pm — pm_1)2 m—1
P < [Ker(p)| = < =p"
e = w1 = - Do)
and this is in fact an equality. So then immediately:

Ker(p) = {(1 —pr (1 —i-(;?y)_l) cye{0,...p"t — 1}}

So 1-dimensional representations of I’ are in correspondence with characters of
D /Ker(yp), which are of the required form. ]

Remark 5.11. Notably, representations of F' are gained from a group homomorphism
¢ : D — C* by extending to F' via Equation 5.1, trivial on K.

We have nearly achieved our goal. We however, have one more restriction. We

note, that a representation p : H — C must obey

(101G o)) =o(1Ge o))

Where in particular, restricting to diagonal matrices:

(16 2)]) = (G 2)])

So that the restriction of p to €(I/1,,) obeys this. This subsumes our last criterion.

Utilising Equation 5.1 once more, we see

p([(}?c fz)}):p([(g d—p%—lbcﬂ):p([(ad_opbc ?)D

So this restriction must be of them form
p:C(/1I,) — C*

[M] = ¢(mm(det(M)))

For the homomorphism ¢ : (Z/p™)* — C*, where

wa-+((3 )
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Proposition 5.12. The 1-dimensional representations of H(G//I,,) are given by
1. A group homomorphism ¢ : (Z/p")* — C.
2. An element t € C

Where p: H — C is given by

p(ls]) = £p; p(lr]) = £p; p(t]) =1
p([M]) = d(det(M)) for M € I

Proof. From the preceding discussion, we only need to establish p([r]), p([s]) and
p([t]) (we note [t]=* = [t7!] by B(i)). The equations for squaring [s] and [r]| clearly
fix their image - [t] however may be mapped freely. Now we only need to verify that
such maps are representations; that is, they obey the relations set out earlier. This

basic computation is left to the reader. O

We note of course that by Theorem 2.1, this immediately constructs all represen-

tations of GL,(Q,) with some 1-dimensional I, fixed space, for any m € N.

5.2.2 Bounds and Quotients

In this Section, we seek to improve on bounds given by Bernshtein in [Ber74], for the

dimension of irreducible H(G//I,,)-modules. Indeed, Bernshtein proves the following:

Theorem 5.13. Take K a compact open subgroup of GL,(Q,). Then there exists
an integer N = N (G, K) such that all smooth irreducible representations of GL,(Q,)

admitting a K-fixed vector have
Dim(VE) < N

As we specialise our efforts to I,,,, and n = 2 we can obtain tighter bounds than
Bernshtein. Moreover, we can improve on his bounds further by considering a quotient

algebra. Bernshtein’s proof relies of the following fact of algebra:

Proposition 5.14. Let £ be a unital C-algebra, with subalgebras A, Z C L. Take
A, A € A Xy, ..., X, Y1, ..., Y, € L. Suppose Z lies in the centre of £ and A
is generated by Ay, ..., A;. Suppose further that any element of £ can be written as
> XoPapYp for Py € A. Then any irreducible finite-dimensional representation of

the algebra £ has dimension at most (ab)? ™"
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We calculate Bernshtein’s bound in our case, via his method. As can be seen
via their Example (which falls into Case 1.) we obtain parameters relevant to the
previous Proposition:

l=1, a=b=[Ky: I,].
Writing U for the upper triangular matrices in GL,(Q,) we see
[Ko: 1] =[GLy(F,) : Ul =p+1
So that [Ky : I,] = (p+ 1)(p™ — p™1)?p?™. Thus Bernshtein’s bound is
N(G,In) < (p+1)%(p — 1™

We attempt to refine this, with our finer understanding of the algebra. Careful
consideration of our relations (which is done in detail in Chapter 3, Section 2 of
[How85]) shows that # is spanned by elements [z][w][y], for =,y € I and w € W.
We let Z the algebra spanned by ¢2, and A be the algebra spanned by the element
ay := sr and Z. Then, letting X1, ..., X, be the elements in ‘H supported on:

I/ L, 1) Ln[r], [t Ly [t/ 1n[r]

and the Yi, ..., Y} be the elements supported on:
/1, [s|I/I,

we get a < 4p*™(p™ — p™~1) and b < 2p?™(p™ — p™~1). So then our new refined
bound is
N(G, I,) <8(p—1)*p*m"

Which is strictly less than Bernshtein’s bound (though in some cases, not by very

much).
Remark 5.15.

(i) Here, we go to great pains to avoid increasing our parameter [, as our bound

loosens exponentially with its growth.

(ii) The inequalities on our parameters a and b stem from the fact that [s] and [r]

kill elements of I/I,, (which we will use below).

40



We seek to improve this bound further, by considering ideals of H. For this, write

w0 =( 1) @ =[]

Ne= P @—vbp™)d—ulap™")C(I/L,)

and define

M= PN

nez

We then have the following

Proposition 5.16. We have the following
(i) M is a left ideal in H(G//I,,)
(i) Dimg(N) <p*™(p™ —p™')?

Proof. We organise our proof of (i) into 2 claims:

Claim 1: M is invariant under left multiplication by [z] for z € I.

Proof of Claim 1: We already know from Equation 5.1 that any element of C(I/I,,)
may be written as a product of a lower triangular, an upper triangular, and a diagonal
matrix. So we only need to check matrices of these forms. We show that for any M € [
for each a,b € {0,...,p — 1} there are a’,0/ € {0,...,p — 1} and M’ € I such that

(M](1 = v(bp™))(1 = u(ap™ ")) = (1 = v('p™))(1 — u(a'p™))[M']
Clearly for M diagonal the above holds with
M/ = M, CL/ = (MllMil)a7 b/ = (MﬁlMQQ)b

Moreover, all upper (resp. lower) triangular matrices commute with elements u(a)
(resp v(a)) for a € Z,. We now only need to verify that lower (resp. upper) trian-

gular matrices will commute with u(ap™~1) (resp v(ap™)). This is a straightforward

computation:
G DG ) =G ) =16 7 )G D)
pr 1 0 1 L \px 1 —L\O 1 pr 1
So that M is indeed preserved by C(I/I,,). O-1

Claim 2: [t], [r] and [s] preserve M.
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Proof of Claim 2: By the above computation, it is not hard to see that (1 — v(bp™))

and (1 — u(ap™')) commute, so that ¢ will preserve M. Finally, and most crucially

[s](1 = v(bp™)) =0

[r](1 = u(bp™ 1)) =0
So that again as our pre-factors commute, M is annihilated by r and s. -2
N is a proper subspace of C(I/1;) so our bound on dimension is immediate. O

With this, we prove our final Proposition. We forego the notation of [Ber74] for

consistency with our past results of similar flavours.

Proposition 5.17. Suppose (7, V) is an irreducible, admissible representation of G

admitting an [, fixed vector. Then:
2 x pim=2(p — 1)2 if MVImn £0
Dnn@(v[) S Xp (p ) 1 M 1# .
32 x p¥"8(p — 1)* x (p — 5)* otherwise

Proof. Write W := VI Then for each w € W, MW is a H-submodule of . So it
is trivial, or W.

Case 1 - (MW #0): Take w € W so that Mw # 0. This is again a H-submodule;
as it is non-zero, it must be W. Because [t]? is central, it acts as a scalar by Schur’s

Lemma. So:

Dimg (W) < Dimg(Nw @ Ntjw) < 2Dimg(N)

and the bound produced in Proposition 5.16 completes the first claim.
Case 2 - (MW = 0): We first note that as M is a left ideal, MH is a two sided ideal
of H. So certainly:

MHW = MW =0

Meaning that W is a ‘H/MH-module, which crucially will still be irreducible. We

now seek to use Proposition 5.14 to bound the dimension of WW. Now, in the quotient:
(1 —v(p™)(1 = u(ap™")) + MH =0,
which we rearrange as:
v(bp™) + u(ap™ ') — 1+ MH = v(bp™)u(ap™ ') + MH

Crucially, this tells us that the image of C(I/I,,) has decreased dimension. Writing
each element of C(I/1,,) in the form of Equation 5.1:

e D=6 o) e DG 7))
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Writing 7 = 7’ + p™ la and p = i’ + p™ b, we see

e DG D)= G DG DI+
[ DG D= [ DG )]+ e

So that we may restrict our basis to matrices where one of 7,y is in {0,...,p™ 1 —1}.

Now, writing N, = {0,...,x — 1} for x € Z, we define:
a
7= 2)
a
--U { (0 dﬂ v(pm)u(p) : a,d € Zy, (7 € Npm, p1 € Npml)}

We calculate that |J| = (p™ — p™~1)2(2p*™~! — p*™~2). So then, replacing I/I,, by J

in our choice of X1,...,X,,Y1,...,Y,, we decrease our parameters to:

e}

} v(pm)u(p) : a,d € Zy, (7 € Npm—r, p € Npm)} U...

S

a = 4((pm o pm—1)2(2p2m—1 o p2m—2)’

b= 2(pm - pm—1)2<2p2m—1 o me—Q)7

yielding the desired result. [

Remark 5.18. In this Chapter we have constructed all of the 1-dimensional rep-
resentations of our algebras, and improved on bounds of Bernshtein, by a factor of
approximately p*. Moreover, we have given a criterion which when attained improves

Am—+2

Bernshtein’s bound by a factor of p , and when failed, produces an annihilating

ideal. This result concludes the dissertation.

43



Bibliography

[IM65]  N. Iwahori and H. Matsumoto. “On some bruhat decomposition and the
structure of the hecke rings of p-Adic chevalley groups”. In: Publications
Mathematiques de ['Institut des Hautes Etudes Scientifiques 25.1 (Dec.
1965), pp. 5-48. URL: https://doi.org/10.1007/BF02684396.

[JL69] H. Jacquet and R.P. Langlands. Automorphic Forms on GL (2). Lecture
notes in mathematics v. 1. Springer, 1969. URL: https://books.google.
be/books?id=WNFUAAAAYAAJ.

[Ber74] 1. N. Bernshtein. “All reductive p-adic groups are tame”. In: Functional
Analysis and Its Applications 8.2 (Apr. 1974), pp. 91-93. URL: https:
//doi.org/10.1007/BF01078592.

[Bor76]  Armand Borel. “Admissible Representations of a Semi-Simple Group over a
Local Field with Vector Fixed under an Iwahori Subgroup.” In: Inventiones
mathematicae 35 (1976), pp. 233-260. URL: http://eudml . org/doc/
142406.

[Car79]  Cartier. “Representations of p-adic groups: a survey”. In: Automorphic
forms, representations and L-functions (Proc. Sympos. Pure Math., Oregon
State Univ., Corvallis, Ore., 1977), Part. Vol. 1. 1979, pp. 111-155.

[How85]  Roger Howe. Harish-Chandra homomorphisms for p-adic groups. Regional
conference series in mathematics. no. 59. American Mathematical Society,
1985.

[Lus89]  George Lusztig. “Affine Hecke algebras and their graded version”. In: Jour-
nal of the American Mathematical Society 2.3 (1989), pp. 599-635.

[Hum90] James E. Humphreys. Reflection Groups and Cozxeter Groups. Cambridge
Studies in Advanced Mathematics. 1990.

[BK98]  Bushnell and Kutzko. “Smooth Representations of Reducitve p-ADIC groups:
structure theory via types”. In: Proceedings of the London Mathematical
Society 77 (1998), pp. 5H82-634.

[Kim99] Ju-Lee Kim. “Hecke Algebras of Classical Groups over p-Adic Fields and
Supercuspidal Representations”. In: American Journal of Mathematics 121.5
(1999), pp. 967-1029. URL: http://www. jstor.org/stable/25098956
(visited on 04/19/2023).

44



[Bum10)]

[Coh13]

[AlL16]

[BS17]

[DZ17]

[Dall8]

[Fin20]

Daniel Bump. Hecke Algebras. Accessed on 19-04-2023. 2010. URL: http:
//sporadic.stanford.edu/bump/math263/hecke.pdf.

D.L. Cohn. Measure Theory: Second Edition. Birkhauser Advanced Texts
Basler Lehrbiicher. Springer New York, 2013. URL: https : //books .
google.be/books?id=PEC3BAAAQBAJ.

Patrick Allen. Nonarchimedean Local Fields. Accessed on 19-04-2023. 2016.
URL: https://faculty.math.illinois . edu/~pballen/research/
LocalFields.pdf.

Mladen Bestvina and Gordan Savin. Bounded contractions for affine build-
ings. 2017. arXiv: 1708.03707 [math.RT].

Dore and Zavyalov. Lecture 15: Spherical and Unitary Representations.
Accessed on 19-03-2023. 2017. URL: http://virtualmathl.stanford.
edu/~conrad/conversesem/Notes/L15.pdf.

R. C. Dalieda. “The structure of Z/nZ”. In: (2018). Accessed on 19-04-
2023. URL: http://ramanujan.math.trinity.edu/rdaileda/teach/
s18/m3341/ZnZ.pdf.

Jessica Fintzen. “Representations of p-adic groups”. In: (2020). Accessed
at 19-04-2023. URL: https://www . dpmms . cam. ac . uk/~j£457 /CDM _
Fintzen_draft.pdf.

45



